In this paper, we propose a model for parallel computation, the C 3 -model. The C 3 -model evaluates, for a given parallel algorithm and target architecture, the complexity of computation, the pattern of communication, and the potential congestion arising during communication. A metric for estimating the e ect of link and processor congestion on the performance of a communication operation is developed. This metric allows the evaluation of arbitrary communication operations without the user having to specify ne scheduling details. We describe how the C 3 -model can serve as a platform for the development of coarsegrained algorithms sensitive to the parameters of a parallel machine. The initial validation of the C 3 -model is discussed for the Intel Touchstone Delta. We compare predicted and actual performance of di erent solutions for communication operations and of various divide-andconquer approaches for contour ranking on images.
Introduction
by sending and receiving messages. Synchronization occurs between supersteps. We express the performance of a superstep, and thus of an algorithm, in terms of computation units and communication units. Counting in units allows us to penalize certain undesirable aspects in local computation and in communication. The number of computation units charged depends on the amount of local computation done. The number of communication units charged depends on the amount of data sent by a processor, the amount of data received by a processor, the latency encountered by the messages, and the congestion arising due to the volume of interprocessor communication. Our method for evaluating communication units estimates the e ect of these factors on the performance of a communication operation. The routing schemas and routing protocols available on a machine also in uence the performance and this is re ected in the total number of communication units charged.
Section 2 describes the C 3 -model and the metric devised to determine communication and computation units. In Section 3, we use the model and the metric to determine the communication units for common communication operations when each operations is implemented processors by issuing direct sends and receives. In Section 4, we consider the same communication operations and evaluate and analyze di erent implementations for each operation. We describe how machine parameters and message sizes in uence the performance. In Section 5, we use divide-and-conquer based algorithms for an image-processing problem to validate the C 3 -model.
The C 3 -Model
In this section we describe the metric used by the C 3 -model to compute the communication and computation units of a superstep. The parameters of the machine entering the metric are the following: p, the number of processors h, the latency of the communication network b, the bisection width of the communication network s, the set-up cost for a message l, the length of a packet. We assume that algorithms on coarse-grained machines are not constrained by the amount of local memory. In current coarse-grained machines, the computing power of a processor is equivalent to that of a state-of-the-art workstation. Hence, for a reasonable problem size, memory is not likely to dictate or heavily in uence algorithm design. When describing our metric, we assume that both the processor bandwidth and the network bandwidth are equal to l. How to handle and account for di erent bandwidth values is described later.
A common feature of parallel algorithms and algorithm design approaches (e.g., divide-andconquer) is that, at some point or other, the p processors are logically partitioned into q sets S 1 ; : : :S q , with S i containing p i processors. Communication occurs only between processors in the same set. A programmer familiar with the architecture and the algorithm can often perform a mapping such that communication within processor set S i does not compete for resources with communication done in the other processor sets. This is possible, for example, when every processor set S i corresponds to a scaled down version of size p i of the p-processor machine. An algorithm then operates on independent submachines. The importance of being able to operate on independent submachines has been recognized. It has been incorporated into the Message Passing Interface (MPI) 8] and has been extended to arbitrary process groups 1]. When it is known that a superstep operates on independent submachines, we charge communication units based on the parameters of the associated submachines.
Computation Units
The charging of computation units in a superstep is done as follows. Assume that in one superstep processor P i accesses t i bytes. At this point we do not distinguish between access to the processor's registers and access to its local memory. However, such distinctions can be incorporated. The superstep is charged max 0 i p?1 d t i l e computation units. The reason for normalizing computation units by l is that too little computation between two communication steps should have a negative impact on the performance. If t i < l, we charge one computation unit and thus also penalize for not accessing enough bytes to ll a packet.
Communication Units
The communication units charged to one superstep re ect the time spent in sending messages, the time spent in receiving messages, the time messages are enroute under ideal conditions, the amount of congestion that could occur, and an estimate on the resulting delay. In order to demonstrate broad applicability of our model, we describe the evaluation of communication units for di erent routing schemas and di erent send and receive primitives. The two routing schemas we consider are store-and-forward and wormhole routing. Both are common and they are conceptually quite di erent. We refer to 14] for details. Most existing machines support both blocking and nonblocking protocols for send and receive primitives. These protocols di er in implementation based on the synchronization methods used. For the sake of completeness, we describe these protocols. A blocking send is a send operation initiated by a source processor which does not terminate until the message is received by the destination processor. During this time the source processor cannot perform other computations or communications. In a nonblocking send the source processor, after lling its send bu er, has to wait only until the Sending a single message from P i to P j
We start the description of how communication units are determined by giving a cost estimation for sending a single message between two processors. Assume processor P i sends a message consisting of L i;j bytes (i.e., d L i;j l e packets) to processor P j . We charge processor P i a send time s i;j and processor P j a receive time r i;j . Send time s i;j is an estimate on the time needed to send the message when it encounters no congestion. Receive time r i;j represents the time processor P j is occupied with receiving the message. Send and receive times for di erent routing protocols and routing methods are stated in Figure 2 .
The send time includes the time elapsing between issuing the send until processor P i can resume computation and communication. In addition, it includes the time taken by the message to reach destination P j . In the case of nonblocking sends, processor P i could be doing another task at this time. However, a message in transit takes resources away from the machine and the C 3 -model charges this to processor P i . For nonblocking sends and receives with store-andforward we thus have s i;j = s + d L i;j l e ? h and r i;j = d L i;j l e. For the case of blocking sends, processor P i is charged s + h to initiate communication with processor P j . After that, both processors are engaged in the sending of the message. Both send and receive time accumulate another s + h when P j sends a con rmation back to P i . Processors P i and P j are charged the number of units corresponding to the time it takes for the message to reach P j , resulting in the quantities shown in Figure 2 .
Sending multiple messages from P i
For every processor sending and receiving multiple messages in a superstep, we determine total send and receive times. The total send (resp. total receive) time measures the time a processor is engaged in sending (resp. receiving) messages when messages are not delayed by congestion. We assume that a processor cannot send and receive simultaneously.
Assume that in a superstep processor P i sends L i;j bytes to processor P j , L i;j 0, 0 i; j p ? 1. Let n s (i) denote the number of processors to which P i sends a message; i.e., n s (i) = jfjjL i;j > 0gj. Let s i;j be as de ned above (i.e., it is the cost of sending the message from P i to P j without congestion). The total send time, S i , experienced by processor P i is an upper bound on the cost for processor P i to send all n s (i) messages in a congestion-free environment. Let r j;i be the receive time, as de ned above, and let R i be the total receive time experienced by processor P i . Further, let n r (i) denote the number of processors from which P i receives a message; i.e., n r (i) = jfjjL j;i > 0gj. Clearly, P 0 i p?1 n s (i) = P 0 i p?1 n r (i).
Total send and total receive times depend on the routing schema and the routing protocol used. Figure 3 gives the total send and receive times experienced under di erent routing protocols. Consider the case of store-and-forward routing with nonblocking sends and nonblocking receives. Let P j be the rst processor to whom P i issues a send. After s + d L i;j l e steps, processor P i is no longer engaged in the send process for P j and can proceed with the next send. This allows pipelining the n s (i) sends. Let L i;jmax = max 0 j p?1 L i;j . The total send time experienced by processor P i thus contains the n s (i) start-up costs, the sum of all the packets sent, and h ? d L i;jmax l e. The nal quantity accounts for the latency encountered by the last message to reach its destination. The total receive time is the sum of all the individual receive times. For wormhole routing with nonblocking sends and nonblocking receives, we again pipeline the n s (i) sends. The latency of the last message shows up as an additive quantity of h. 
Measuring congestion
We next describe the metric used to estimate the potential congestion arising at the processors or communication links. Congestion plays a crucial role in the time required to complete all routings. At the same time, congestion is di cult to evaluate. Congestion is a global phenomena and where it occurs depends on speci cs of the architecture and the routing paths taken. A formal model to deal with congestion in a shared memory machine has recently been proposed in 9]. Congestion depends on the amount of data sent between processor pairs and is independent of whether we use store-and-forward or wormhole routing. During a routing step, store-and-forward stores K packets in a single processor, while wormhole stores 1 packet (or part of a packet) at K (or more) processors. In our estimation of congestion, we measure C l , the congestion over links, and C p , the congestion at the processors. We measure processor and link congestion under the assumption that all messages are routed simultaneously. Clearly, this may not be done under a given protocol. However, delaying the sending of a message by using blocking sends is, in some sense, a possible way of dealing with the congestion. In both cases, the messages experience a delay.
Our metric uses two quantities related to the communication being performed in a superstep.
Let cong be the total number of processor pairs communicating and let L a be the average number of packets routed between processors. Congestion over links is closely related to the bisection width of the machine. In a machine with a bisection width of b, it takes at least d K b e steps to send K packets from processors in one half of the machine to the processors in the other half. We set C l = L a ? d cong b e: Our estimation of the link congestion C l is both optimistic and pessimistic. It is optimistic in measuring congestion only over a single link cut (namely, the cut that separates the machine into halves). Clearly, link congestion occuring within each half can have an impact on the overall link congestion. It is pessimistic in assuming that all cong communicating processor pairs have the source processor on one half and the destination processor is the other half. In order to estimate actual execution time of an algorithm, relative weights need to be attached to computation and communication units. These weights should be based on the ratio between the processor clock speed and the network clock speed as well as the ratio of the bandwidth of the network and the bandwidth of the processors 18]. In the high-level approach taken by our model, clock speeds and bandwidth parameters do not in uence the design of an algorithm and they are thus not included. Put in a di erent way, we give units for the case when the network clock speed is equal to processor clock speed and network bandwidth is equal to processor bandwidth. When evaluating an algorithm the ratio of computation units and communication units over all supersteps gives information as to whether an algorithm is computation or communication intensive.
Charging Examples
Our metric allows evaluation of arbitrary communication patterns. While arbitrary patterns occur in applications, regular patterns are more common on coarse-grained machines. In this section we give the number of communication units charged for regular patterns when each communication operation is implemented using the naive approach of each source processor sending messages directly to the destination processors. The communication operations we consider include one-to-one, one-to-all, all-to-one, and all-to-all routing. The communication units are given for wormhole routing with nonblocking sends and nonblocking receives. To simplify the presentation, we assume that every message is of length L.
One-to-one Routing
In one-to-one routing, also known as permutation routing, every processor sends L bytes to a unique destination (i.e., unique among all p processors). Our charging method does not 
One-to-all Routing
In one-to-all routing, a source processor P t , sends p ? 1 distinct messages, each to a di erent destination. One-to-all is also refered to as scatter or personalized broadcast 8, 15] . We have n s (t) = p ? 1, n r (i) = 1 for i 6 = t, and cong = p ? 1. The total send time experienced by the source processor P t dominates the number of communication units.
All-to-one Routing
All-to-one routing, also known as the gather operation, is the inverse of one-to-all: every processor now sends a message to a common processor, say processor P t . We have n s (i) = 1 for i 6 = t, 0 i p ? 1, n r (t) = p ? 1, and cong = p ? 1. The total receive time at processor P t dominates the number of communication units.
All-to-all Routing
In all-to-all routing, also known as total exchange, every processor sends a message to every other processor. We have n s (i) = p?1, n r (i) = p?1, 0 i p?1, and cong = p(p?1). From the number of communication units charged shown in Figure 4 it follows that the bisection width of the underlying architecture greatly in uences the performance.
Validation through Communication Operations
In the previous section we gave the communication units for communication operations when each operation is implemented through source processors issuing direct sends. Such implementations are likely to be used by programmers not familiar with parallel processing. Nor surprisingly, they do not always result in good performance. In this section we use the C 3 -model as a platform to develop and analyze di erent implementations of communication operations. For each implementation we determine computation and communication units and compare total units to the actual performance of the algorithms on the Intel Touchstone Delta. We show that the C 3 -model and its metric give an accurate prediction of the relative performance between different implementations of the same operation. Our results also indicate that the performance of an implementation is in uenced by the relationship among parameters of the parallel machine, as well as by the relationship of the parameters to the amount of data involved. This agrees with other research done on the implementation of communication operations 1, 2, 4, 19] . The Intel Touchstone Delta is a coarse-grained multi-processor system with 512 nodes organized as a 16 32 2-dimensional mesh. Each node is directly connected to its 4 nearest neighbors. The communication network uses wormhole routing. Packet size is 512 bytes, with 482 bytes reserved for data and 30 bytes for the message header. The operating system supports both blocking and non-blocking communication primitives. We give communication units and performance for wormhole routing with nonblocking sends and nonblocking receives.
In order to classify di erent approaches used in our implementations, we introduce the notion of a k-level algorithm. Intuitively, in a k-level algorithm, the machine is partitioned into k levels of submachines, with the submachines within each level operating independently from each other. An algorithm is a 1-level algorithm if, in the description given in terms of supersteps, no superstep operates on di erent submachines. In a k-level algorithm, k > 1, at least one superstep assumes a partition into submachines, not necessarily of identical size, and subsequent supersteps specify a (k ? 1)-level algorithm for each submachine. In our implementations, processors belonging to the same submachine form a scaled down version of the bigger machine. For a mesh, a scaled down version will be either a smaller mesh with the same aspect ratio or a linear array. This is a stronger requirement than the use of process groups as proposed by the MPI Message Passing Standard 8] . When determining communication units, we assume that communication within a submachine occurs without interference from other submachines. When describing our algorithms, we assume that the size of the message routed between any two processors is L. The objective of our algorithms is to have the processors send out their packets as fast as possible and to minimize the time between processors sending out their last packet and receiving the last packet destined for them. In many situations this time is minimized by combining original messages of size L into larger messages and by performing independent routings in submachines. We refer to L as the actual message size. This is in contrast to the e ective message size, which is the size of the message routed between two processors in a particular superstep. For all algorithms, the e ective message size is never smaller than the actual message size.
One-to-all Routing
In this section, we use the k-level concept to develop a number of di erent implementations for one-to-all routing. We evaluate each implementation using the metric of the C 3 -model and compare the predicted performance with the performance of the algorithms on the Intel Touchstone Delta.
Description of Algorithms
There exist two conceptually quite di erent 1-level algorithms for one-to-all routing. In the rst one, Algorithm 1) which is broadcast to every processor. After receiving this message, every processor extracts the message destined for it. Our broadcasting implementation, Algorithm 1-lev-br, uses a binomial heap as a broadcasting tree. One expects the broadcasting approach to be e cient only when L is small and/or when the parallel machine has a control network supporting fast broadcasts. Figure 5 gives an outline of the di erent algorithms for one-to-all operation.
We next describe a generic 2-level approach. Logically partition the p-processor machine into p submachines, each containing p 1? processors for 1 logp < 1. Designate one processor in each submachine as a leader. Source processor P t then forms p long messages, each having an e ective message size of Lp 1? . The i-th long message formed consists of the p 1? actual messages destined for the processors in the i-th submachine, 0 i < p ?1. Next, processor P t issues p sends (or p ?1 sends if P t is a leader) to route the long messages to the leaders. Once
Algorithm 1-lev-dir(p)
The source processor issues p-1 sends, one to each distinct destination.
Algorithm 1-lev-br(p)
1. The source processor concatenates the p-1 messages into one long message which is broadcast. Algorithm 1-lev-our-br uses a broadcast based on the binomial heap pattern.
2. Each processor extracts its message from the long message received. Algorithm logp-lev-sq(p)
1. The machine is partitioned into 2 submachines, alternating partitions along the columns and rows.
2. The source processor concatenates p/2 messages into one long message and sends the long message to the leader processor in the other submachine.
Each submachine applies Algorithm logp-lev-sq(p/2).
Algorithm logp-lev-rec(p,γ) 1. The machine is partitioned into 2 submachines, one containing γp processors including the source processor, and the other containing (1-γ)p processors.
2. The source processor concatenates (1-γ)p messages into one long message and sends it to the leader processor in the other submachine. Once a leader receives its long message from P t , it initiates a 2-level algorithm for one-to-all routing (using Algorithm 2-lev-rec) within its submachine.
The value of k = log p leads to a class of interesting algorithms. A p-processor machine is now divided into two submachines and the source processor P t issues one send to the leader in the other submachine. If the submachines are of equal size, the e ective message size is Lp=2. number of communication units compared to logp-lev-sq. However, Algorithm logp-lev-rec( ) with = 0:75 performs well on the Intel Delta. We discuss the reasons and why our model fails to evaluates this when comparing actual and predicted performance.
Predicted Performance and Experimental Results
In Figure 6 we show the total number of communication and computation units charged to the one-to-all algorithms in the C 3 -model for the Intel Touchstone Delta. The units are given for nonblocking sends and nonblocking receives. Since we considered messages whose sizes are powers of 2, the d:e's have been dropped. The units are given for p = 256, h = 10 (the precise value would be 10.67), l = 512, and b = 16. When converting the set-up cost s to units, we assume s = 1400 processor cycles. Assuming 40MHz processor clock speed and 12.5 MB/sec network bandwidth, the number of units corresponding to one set-up cost is approximately 8. Figure 7 (a) shows the predicted performance of the algorithms in graphical form, varying the message size from 16 to 16K bytes. From the communication units it appears that Algorithm 3-lev-sq is the best for message sizes of up to 6Kbytes, and that Algorithm 1-lev-dir is likely to give reasonable performance for large messages sizes. Algorithm 1-lev-br is predicted to be a poor choice.
The one-to-all algorithms described in Figure 5 have been implemented on the Intel Touch- . For a more complete discussion on the performance of these algorithms on the Intel Delta, we refer to 11]. Figure 7 shows that expressing each algorithm in terms of communication and computation units gives an accurate prediction of their relative performance on the Intel Delta. Algorithm 1-lev-dir is indeed a reasonable choice for large message sizes (at least 4 Kbytes). Independent of the message size, 1-lev-dir always experiences a total of p ? 1 message set-up costs. In addition, since the packet length on the Intel Delta is 512 bytes, sending message sizes 512 costs approximately the same. The broadcasting algorithm gives the worst performance. The poor performance is partly due to the large e ective message size, as well as due to the absence of a dedicated fast broadcasting network. Algorithms 2-lev-rec and 3-lev-sq give approximately the same performance and are the best choice among the ve algorithms listed in Figure 7 . Algorithm logp-lev-sq gives good performance only for small message sizes ( 256 bytes). This also agrees with its predicted performance. Figure 8 gives detailed performance results in tabulated form. From Figure 8 is follows that Algorithm logp-lev-rec(0:75) performs quite well. Actually, logp-lev-rec(0:75) gives optimal or near optimal results for all machine and message sizes on Delta 11] . As already stated earlier, the metric of the C 3 -model evaluates logp-lev-rec(0:75) to be no better than Algorithm logp-lev-sq. If Algorithm logp-lev-rec(0:75) were implemented with a barrier-style synchronization between supersteps, we would see no improvement. However, logp-lev-rec(0:75) was implemented with no such synchronization. The value = 0:75 captures characteristics of the send and receive ratio of the Delta (the value of = 0:75 was obtained through experiments). Before the leader in the other submachine received its long message, the source processor already starts sending the next long message to the next leader. While exploiting such features of a machine can bring good performance results, they are di cult to incorporate into a computational model aimed at making parallel machines easier to use.
In summary, our validation work on the Intel Delta indicates that the message-combining algorithms which keep a balance between the total number of sends and the e ective message size perform well for small message sizes. Which one of them gives the best performance depends on the ratio between the send and receive time, the packet length, the ratio between the processor and network bandwidth, and the message set-up cost.
All-to-one Routing
In all-to-one routing every processor sends a message to destination processor P t . Processor P t is now the bottleneck. Conceptually, all-to-one is the inverse of one-to-all. Our one-to-all algorithms, except the algorithm based on broadcasting, have corresponding all-to-one algorithms. Algorithm 1-lev-dir for all-to-one is one in which every processor issues a send to processor P t . Algorithms 2-lev-rec and 3-lev-sq are the corresponding 2-level and 3-level algorithms, respectively. Algorithm logp-lev-sq is the log p-level algorithm partitioning the mesh into two submachines by alternating horizontal and vertical cuts. Algorithm logp-lev-rec( ) partitions the mesh into two submachines based on the value of , 0 < < 1.
The number of communication units charged for each of the all-to-one algorithms is almost identical to the ones charged for one-to-all and we omit details. The di erence lies in the number of message set-ups charged. For example, the communication units charged to Algorithm 1-levdir for all-to-one include only a single message set-up, compared to p ? 1 for one-to-all. For all all-to-one algorithms, the receive times are the dominating terms in the communication units.
From a practical point of view, the best one-to-all algorithms do not necessarily correspond to the best all-to-one algorithms. We refer to 11] for a complete discussion and only state our main observations. On a 256-processor Intel Delta, Algorithm 1-lev-dir is no longer a reasonable choice for large message sizes. For a 256-processor machine, all algorithms that combine messages give a comparable performance for L 512, while for L > 512 Algorithm logp-lev-rec(0:60) gives the best performance. For messages of length < 512 bytes the all-to-one algorithms are slightly faster than their one-to-all counterparts, while for messages of length 512 bytes the all-to-one algorithms are signi cantly slower. This can be explained by machine characteristics which we do not attempt to capture in the C 3 -model.
All-to-all Routing
In this section, we rst describe a number of di erent algorithms for all-to-all routing. We then compare their predicted performance with the experimental results achieved on a 256-processor Intel Delta.
Description of Algorithms
The most straightforward 1-level approach for all-to-all routing is to have each processor send its p ? 1 messages, one by one, regardless of what other processors are doing. The machine is thus ooded with messages and the arising congestion is left to be handled by the system. This approach is used in Algorithm 1-lev-dir. An approach that attempts to control congestion implements all-to-all through p ? 1 one-to-one routings; i.e., the p(p ? 1) routing requests are partitioned into permutations. Common are the linear permutations and exclusive-or permutations. When partitioning into linear permutations, processor j sends a message to processor (j + i) mod (p ? 1) in the i-th permutation, 1 i p ? 1. When partitioning into exclusiveor permutations, all-to-all is partitioned so that in the i-th permutation processor j sends a message to i j. Implementations of these approaches on di erent machines have shown exclusive-or permutations to be superior to linear permutations 19, 22] . Another interesting approach for partitioning all-to-all routings into permutations has been introduced in 21]. We call this approach partitioning into balanced permutations and refer to 11] for implementation details. Balanced permutations are relevant to the mesh architecture since they minimize the congestion over the links.
We view algorithms that partition into permutations as 1-level algorithms and refer to such supersteps and the amount of congestion in each superstep for both of these 1-level approaches is di erent, but the total number of units charged is the same. Figure 9 gives the total number of communication and computation units for the all-to-all algorithms. Next consider the following two 2-level algorithms. The approach used in the rst one, Algorithm 2-lev-sq, is independent of the underlying architecture. The approach used in the second one, Algorithm 2-lev-r,c is tailored towards the mesh architecture. An idea similar to the one used in Algorithm 2-lev-sq is described in 4] and an implementation of Algorithm 2-lev-c,r has also been reported in 22].
In Algorithm 2-lev-sq, a p-processor machine is logically partitioned into p p submachines, S 0 ; : : :S p p?1 . Submachine S i performs an all-to-all routing within S i sending long messages of length p p ? 1L. After this step, processor i in submachine S j contains the p messages destined for the processors in submachine S i (and which have their source processor in submachine S j ). The algorithm then performs a one-to-one routing step in which processor i of submachine S j sends this long message (having length Lp) to processor j in submachine S i . The third and nal step is an all-to-all routing within each submachine which routes the messages to their correct destinations. Algorithm 2-lev-c,r uses a similar principle, but avoids a one-to-one routing step by using di erent submachines in the rst and second step. In the rst step the p p submachines correspond to the p p columns of the mesh. We perform an all-to-all routing within each column so that processor i in column j receives the p messages destined for the processors in row i (and which have their source processor in column i). An all-to-all routing within each row completes the operation. As shown in Figure 9 , the number of communication units charged to the two 2-level algorithms is identical. In Algorithm 2-lev-sq, 14L of the 23L units charged come from the second step, the one-to-one routing. In Algorithm 2-lev-c,r the number of communication units charged is split evenly between the two supersteps.
We have also considered a log p-level algorithm, Algorithm logp-lev-b y, based on the butter y communication pattern. In the rst superstep of this algorithm every processor P i sends the p=2 messages destined for the p=2 processors not in its half to processor P (i+p=2)modp . After the received messages are combined with the messages that remained in a processor, all-to-all in performed on two p=2-processor submachines.
Comparing Predicted and Experimental Results
In this section we again compare the performance predicted by the C 3 -model to the performance achieved on the Intel Delta. Recall that Figure 9 gives the communication and computation units for the algorithms described in the previous section. The C 3 -model predicts the 1-level algorithms to be superior for large message sizes and it predicts message combining algorithms to perform better for small message sizes.
We have implemented the above mentioned algorithms on a 256-processor Intel Delta. Algorithms 1-lev-lin, 1-lev-Xor, and 1-lev-bal are the three 1-level algorithms partitioning all-to-all communciation into permutations. The predicted performace and implementation results are shown in Figure 10 Figure 10 : (a) Predicted performance (in units) and (b) experimental results of the all-to-all algorithms on a 256-processor Intel Delta using nonblocking sends and nonblocking receives. formance for all 1-level algorithms follow the same curve. However, in actual implementations di erent permutations induce di erent patterns of link and processor congestion and thus give a di erent performance. Capturing this behavior in the model would be di cult. The experimental results show that Algorithm 2-lev-c,r performs best for small message sizes ( 256 bytes). Since in Figure 10 it is not easy to distinguish between the performance of the algorithms for small message sizes, we refer to Figure 11 . Algorithm 2-lev-sq gave the second best performance for small message sizes. The reason 2-lev-c,r outperformed 2-lev-sq, lies in the fact that 2-lev-sq is a 3-step algorithm (which sends out data three times), while 2-lev-c,r is a 2-step algorithm. The advantage of the 3-step algorithm is that it uses square meshes as submachines, whereas the 2-step one uses linear arrays. The approach in Algorithm logp-lev-b y has consistently been judged as being expensive for large message sizes 4, 22] . Our metric and the observed performance on the Delta, con rms that as well.
Validation through Divide-and-Conquer Solutions
On coarse-grained machines, divide-and-conquer strategies are natural and often result in efcient solutions. Divide-and-conquer typically contains a merging process in which results computed by di erent processors are combined to obtain the nal solution. Di erent merging patterns have di erent communication and computation requirements. Depending on machine and problem parameters, di erent patterns are likely to result in di erent performance. In this section we use contour ranking, a low-level aimage-processing problem, to validate the C 3 -model. Contour ranking can be viewed as performing list ranking in images. The problem arises when edge contours generated by edge operators in a 2-dimensional image plane are transformed into a linearized representation. Such representations are more compact for processing performed in subsequent mid-and high-level vision tasks 5, 16, 20] . Generating the linear representation is called contour ranking.
The algorithms we describe use divide-and-conquer and merge information about subimages in order to compute the nal values. The information needed about a subimage is proportional to the number of edge points on the boundary of the subimage. The time needed to merge subimages is linear in the number of edge points on the involved boundaries. A number of other problems on images can be solved by algorithms following the same principle. These problems include component labeling, straight line approximations, and region growing. For example, each one of our contour ranking algorithms can be turned into a component labeling algorithm by using a di erent merging procedure. The relative performance of the so obtained component labeling algorithms will correspond to the relative performance of contour ranking algorithms.
Problem De nition and Basic Approach
We refer to a pixel on an edge contour as an edge point. For each edge point e, succ(e) points to either one of e's eight immediate successors on the edge contour or it is nil. An edge point e with succ(e) = nil is called a head. The succ-relation induces linked lists and thus each edge contour corresponds to a linked list. In contour ranking we determine, for every edge point e, the head of the list containing e and the distance from e to this head, called the rank of e. Once the ranks are known, a nal data movement step generates the linear representation. Clearly, by following the succ-links, heads and ranks can be determined sequentially in linear time.
Let I be an image of size m n. For simplicity, we assume that p is a perfect square and that m and n are both multiples of p p. We assume that image I is partitioned into p rectangular subimages, each of size m p p n p p . We number these subimages using a row-major numbering scheme. For clarity, we assume that processor P i;j is assigned subimage I i;j , 0 i; j p p ? 1. For any subimage I 0 of I, the information needed about image I 0 in order to compute the head and rank information of all edge points outside I 0 is proportional the number of edge points on the boundary of I 0 . Conversely, if the nal head and rank are known for every edge point on the boundary of I 0 , then the head and rank in image I can be computed for every edge point within I 0 . In a forward phase, our algorithms merge information about the boundaries of subimages in order to compute the boundary information of larger subimages. In a backward phase, the nal head and rank in image I of edge points on the boundary of subimages are used to determine head and rank information for the remaining edge points within the subimages. We refer to 12] for details on how the boundary is represented and for details of the merging. In brief, each one of our algorithms consists of the following three steps.
1. Processor P i;j performs contour ranking on subimage I i;j . P i;j then constructs the boundary list representing the information about subimage I i;j needed in future computations.
2. Determine, for each edge point on the boundary of subimage I i;j , its rank and head in image I. In order to compute this information, boundaries of subimages are merged.
3. Determine the rank and head in I for every edge point in subimage I i;j .
Steps 1 and 3 are identical for each contour ranking algorithm and can be viewed as preprocessing and postprocessing, respectively. They require no communication between processors. In the next section we describe di erent divide-and-conquer patterns for performing Step 2.
Divide-and-Conquer Patterns
In this section we describe four algorithms for performing Step 2; i.e., for determining, for each edge point on the boundary of subimage I i;j , 0 i; j p p ? 1, its head and rank in image I. Assume Algorithm 1-lev-dir from 1 to 4. Every processor sends its boundary lists to every other processor in the same group. 2. Let I 0 2i;2j = I 2i;2j I 2i+1;2j I 2i;2j+1 I 2i+1;2j+1 . A processor in the same group with P 2i;2j determines the boundary lists of subimage I 0 2i;2j . 3. All the processors with number l, 1 l 4, recursively merge their subimages. After the recursion, every processor in the group with P 2i;2j knows the head and rank in image I for each edge point on the boundary of subimage I 0 2i;2j . 4. Processor P i;j determines the rank and head in I of every edge point on the boundary of I i;j . The communication in the forward phase is an all-to-all broadcast performed on submachines. The sizes and types of the submachines depend on the algorithm. We again characterize 1st iteration 2nd iteration Figure 13 : All-to-all broadcast patterns for Algorithm logp-lev-quad our algorithms by the number of submachine levels they employ. Figure 12 contains an outline of three of the algorithms. In Algorithm 1-lev-dir every processor sends its boundary list to every other processor. This is the only communication operation of the algorithm. After this communication, every processor can determine the head and rank in image I for every edge point on the boundary of its subimage. In Algorithm 2-lev-rc, the processors rst perform an all-to-all broadcast within every row, followed by an all-to-all broadcast within every column. The third algorithm, Algorithm logp-lev-quad, merges subimages in a quad-tree like fashion; i.e., at every iteration the boundary lists of four adjacent subimages are merged. Figure 13 shows the all-to-all patterns arising in the rst two iterations of Algorithm logp-lev-quad on a 4 4 mesh. The processors communicating in the all-to-all broadcast in the second iteration are linked with arrows of the same type. In each one of these three contour ranking algorithms, every processor merges subimages at each iteration. At the same time, the number of processors merging identical subimages, and thus performing identical computations, increases with every iteration.
On a mesh architectures, Algorithm logp-lev-quad experiences the following communication imbalance. The size of the boundary of the subimages, and thus the size of the lists sent between processors, increases in subsequent iterations. In initial phases, processors communicate over short distances. As the algorithm proceeds, the communication distances and associated congestion increases. This is also evident from Figure 13 . This imbalance is the motivation for our fourth contour ranking algorithm, Algorithm logp-lev-bal. In Algorithm logp-lev-bal the imbalance is reduced by performing a permutation that sends the boundary list from processor P i;j to processor P rev(i);rev(j) , where rev(i) is the index obtained by applying the bit-reversal to the binary expansion of i. The result of applying this permutation is that processors initially communicate over long distances. As the size of the subimages and thus the sizes of the boundary lists increases, the distance between communicating processors and link congestion decreases.
Predicted Performance and Experimental Results
We next use the C 3 -model to analyze the four contour ranking algorithm described in the previous section. Clearly, the performance of each one of the algorithms depends on the size of the boundary lists and is thus image-dependent. In order to analyze the algorithms, we need to make assumptions about the input. We measure for every image the edge point density which is de ned as the fraction of all pixels that are edge points. We consider images with edge point densities from 5 to 100%. We use synthetic images consisting of vertical or diagonal lines through the entire image. The desired edge point density dictates the spacing of these lines. Real images with the same edge point density will give the same prediced performance and very similar experimental results.
We again use a 256-processor Intel Delta for our analysis. Figure 14 gives the communication and computation units of the algorithms for an image consisting of diagonal lines with an edge point density of 100%. The quantity B represents the size of the boundary list of subimage I i;j assigned to processor P i;j . Each image has an edge point density of 100%. The performance of the algorithms on a 256-processor Intel Delta is shown in Figure 15 (c) and (d). Overall, Algorithm logp-lev-quad gave the best predicted and actual performance. We point out that each one of our algorithms experiences roughly log p message set-up costs. In Algorithms 1-lev-dir and 2-lev-rc these setups are experienced by the all-to-all broadcast (which is implemented using a binomial heap Comparison of the actual performance with the predicted performance for the algorithms reveals a high-degree of correlation between the two. We conclude this section with a brief discussion on how the algorithms behave under di erent edge point densities. We considered edge point densities from 5 to 100%. The obtained results give insight into the behavior of the algorithms when the sizes of the boundary lists change. When increasing the edge point density in large images, we observed that the communication time of Algorithm 1-lev-dir increases much sharper compared to the other algorithms. The growth rate in the communication time for Algorithms logp-lev-quad and logp-lev-bal is relatively slow. Algorithm logp-lev-bal gave the best performance for large images with a high edge-point density. This is attributed to the fact that for large, dense images the amount of data routed during the merging steps is signi cant enough to cause congestion in the routing network. Therefore, a data movement step before the actual merging in Algorithm logp-lev-bal pays o . For images of size 2K 2K, Algorithm logp-lev-bal outperforms logp-lev-quad for images with an edge point density higher than 10%. Load balancing performs better by 10-15%. On the other hand, for images of size 256 256, the load balancing does not even pay for images with an 
Conclusions
A computational model, the C 3 model, has been proposed for developing and analyzing algorithms on coarse-grained machines. The C 3 model allows evaluation of communication operations without a user having to specify ne scheduling details. Also, a metric has been de ned to estimate the arising link and processor congestion. Coarse-grained algorithms have been developed for common communication operations and for a low-level vision problem solvable through divide-and-conquer algorithms. The validation of the model has been discussed by implementing the algorithms on the Intel Touchstone Delta and comparing the performance results with the predicted performance. This initial validation is encouraging and it provides insight into the interaction of various machine parameters and on their e ect on the performance of coarse-grained algorithms.
